This paper investigates the problem of belief update in Bayesian networks (BN) with uncertain evidence. Two types of uncertain evidences are identified: virtual evidence (reflecting the uncertainty one has about a reported observation) and soft evidence (reflecting the uncertainty of an event one observes). Each of the two types of evidence has its own characteristics and obeys a belief update rule that is different from hard evidence, and different from each other. The particular emphasis is on belief update with multiple uncertain evidences. Efficient algorithms for BN reasoning with consistent and inconsistent uncertain evidences are developed, and their convergences analyzed. These algorithms can be seen as combining the techniques of traditional BN reasoning, Pearl's virtual evidence method, Jeffrey's rule, and the iterative proportional fitting procedure.
Introduction
This paper considers the problem of probabilistic reasoning with uncertain evidences. A regular evidence, called hard evidence in the literature, is an observation of a random variable, say X i , having a particular value (or in a particular state), say a, represented as an instantiation X i = a. However, it is not always possible to observe the value a variable is having in a particular case, or to have a complete trust on a claimed observation, thus bringing uncertainty to the evidences. This paper focuses on two types of uncertain evidences. The first type, called soft evidence as suggested by others, 19 can be interpreted as evidence of uncertainty, and is represented as a probability distribution of one or more variables. The second type, called virtual evidence, can be interpreted as evidence with uncertainty, and is represented as a likelihood ratio. 16 These two types of evidences reflect different kinds of uncertainty and each obeys a belief update rule that is different from hard evidence, and different from each other.
Our research extends these works in a number of significant ways. The results presented in this paper can be summarized as follows. (1) We formally established the equivalence of Jeffrey's rule, I-projection (a central operation of IPFP), and virtual evidence method, when dealing with a single uncertain evidence. We also established that Pearl's virtual evidence method works for multiple virtual evidences but not for multiple soft evidences. (2) We, for the first time, proved that I-projection and IPFP, which is known to minimize the I-divergence (or Kullback-Leibler distance), also minimizes the total variation between the source and the projected distributions. (3) We developed BN-IPFP, an efficient algorithm that combines Pearl's virtual evidence method and IPFP for BN belief update with multiple consistent soft evidences, and proved its convergence. (4) We developed SMOOTH, an algorithm for belief update with inconsistent soft evidences and proved its convergence for the case of two evidences. SMOOTH can be easily incorporated into BN-IPFP for BN update with inconsistent evidences.
The rest of the paper is organized as follows. Section 2 provides technical preliminaries with brief introductions to Jeffrey's rule, I-projection, and IPFP. Section 3 analyzes the two types of uncertain evidences. Section 4 develops two versions of algorithm BN-IPFP. Section 5 discusses issues related to inconsistent evidences and develops algorithm SMOOTH. Section 6 concludes with a discussion on evidential reasoning in which different types (hard, virtual, and soft) evidences are given either sequentially or at the same time, followed by the directions of future research.
For presentational clarity, proofs of theorems of our own (Theorems 2, 4, 6, 7) are given in the Appendix. We re-stated some theorems of others that are of immediate relevancy to this work, their proofs are referred to their original publications.
A number of computer experiments with artificial data were conducted to validate our results and to compare the performances with different methods. All experiments were run on an Intel® Core™2 CPU of 2.40G Hz and 2.0G maximum memory for the JVM (Java Virtual Machine). Netica a Java API and its junction tree based inference engine were used for standard BN inference.
Preliminaries
Throughout this paper, we use upper-case X = (X 1 , X 2 ,…, X n ) for the set of all random variables of interest and X i for individual random variables; lower-case x and x i denote particular and arbitrary instantiation(s) of the respective variable(s); and bold upper-case X, X i denote the set of all possible instantiations. 
Jeffrey's rule and I-projection
How to update a distribution P(X) by another lower dimensional distribution R(Y), Y ⊆ X, has been debated for a long time in the mathematics and philosophy communities. 12, 16, 3 One of the difficulties stems from the fact that the Bayes' rule cannot directly apply here because R(y), although acting as a condition for the update, itself is not an event. One approach proposed by R. Jeffrey 12 
where y ∈ Y indicates the summation is over all instantiations of Y. Equation (1) 
Two functions have been used widely to measure the distance or difference between two distributions over X. Their definitions are given below.
Definition 1.
20 The I-divergence (also known as Kullback-Leibler distance and relative entropy) between P(X) and Q(X) is given by
where
Note that ( || ) 0 I P Q ≥ for all P and Q, the equality holds only if P = Q. Also note that in general ( || ) ( || ) I P Q I Q P ≠ , so I-divergence is not a true "distance" metric.
Definition 2.
The total variation between P(X) and Q(X) is defined as
Now we define I-projection, one of the central concepts for our work. 
It has been shown that because of the convexity of Q I-projection is unique. 6 We are particularly interested in I-projections on ( ) R Y P , the set of distributions whose marginals
P is known to be convex and the I-projection of P(x) on ( )
Note that (6) is exactly the same as (2) . This proves the following theorem.
Theorem 1. Let Q(X) be the distribution resulted from updating P(X) by ( ) R Y , Y X ⊆ using Jeffrey's rule of (2). Then Q(X) is the I-projection of P(X) on
b I-projection defined here is also called I1-projection in the literature. Since I-divergence is not symmetric, another projection, namely, I2-projection Q' on Q is defined that minimizes the I-divergence ( || ') I P Q . Unlike I1-projection, I2-projection in general is not unique. In this paper, all I-projections refer to I1-projections.
BN Reasoning with Uncertain Evidences 543
Next we show that I-projection by (6) not only minimizes the I-divergence, but also the total variation.
Theorem 2. Let Q(X) be the I-projection of P(x) on
( ) R Y P . Then ( , ) P Q δ = ( ) min ( , ) R y Q P Q δ ∈P ɶ ɶ .
IPFP
For a single constraint R(Y), the I-projection of P(X) on ( ) R Y P finds a distribution that satisfies this constraint and is closest to P(X) (in terms of I-divergence), provided
. Iterative proportional fitting procedure (IPFP) extends this idea to modify P(X) with multiple constraints by continuously projecting the distribution resulted from the previous iteration to
This procedure is formally defined as follows.
⋯ be a set of constraints and 0 ( )
In (7), m is the number of constraints, k is the iteration index, and j determines the constraint used at step k. For clarity, in the rest of this paper, we write (7) as
with the understanding that ( ) 0
IPFP first appeared in the literature in Ref. 13 , and shortly after was used as a procedure to estimate cell frequencies in contingency tables under some marginal constraints. 8 IPFP was extended in Refs. 1 and 5 to also allow conditional distributions as constraints (conditional or C-IPFP). The convergence of IPFP was studied in Refs. 7, 10, and 17 with proofs under different conditions, the convergence of C-IPFP can be found in Ref. 5 . For our purpose, we cite a result from Ref. 20 in the theorem below, which is based on the I-divergence geometry developed in Ref. 7 .
IPFP of (7) converges and the converging distribution
, these constraints are said to be consistent with each other, and each distribution in S satisfies all constraints in R. Therefore, at convergence, * ( ) Q X , as the I-projection on S, has the minimum I-divergence among those that satisfy all constraints in R. Next we show that IPFP also minimizes the total variation in the next two theorems. 
Comparing 
To the best of our knowledge, Theorems 2, 4, and 5 are original results which have not been reported in the literature before.
IPFP bears a great resemblance with another family of procedures known as alternating projection, which finds a point in the intersection of several convex sets by a sequence of projections onto these sets. Alternating projection has been widely used as an optimization method in areas of sampling theory, signal processing, and neural networks. A comprehensive review of this method can be found in Ref. 4 . The difference from IPFP is that alternating projection is primarily for Euclidean spaces and it tends to minimize the square distances while IPFP is for probability spaces and it minimizes I-divergence (and the total variation by our result in Theorem 5) but not the square distances. 10 Several IPFP-based algorithms we will discuss, especially those for inconsistent evidences, can find their counterparts in alternating projection procedures.
Uncertain Evidences
Evidences presented for belief update may be uncertain for various reasons. A reported observation may not be totally trusted due to errors or noise in the observation or reporting process; it may be biased due to the observer's preference; it may not hold when the time or location is different. Among all types of uncertain evidences, this paper concentrates on two of them, named virtual evidence and soft evidence.
Virtual evidences
Pearl 16 proposed the virtual evidence method to deal with BN belief update when one is uncertain about a claim of a hard evidence (i.e., an event), say, X i = a. Suppose we believe with probability p that this claim is actually due to the occurrence of X i = a, then the probability it is not occurring is 1 -p. The virtual evidence method requires this uncertainty information be given as a likelihood ratio ( ) : 
Then the belief update (with the claimed observation and the uncertainty about this claim in the form of the likelihood ratio L) can be done by instantiating U to u (i.e., treating u as a hard evidence). Many BN engines accept a likelihood ratio as input for the update without explicitly introducing the virtual node.
This method is generalized in Ref. 3 to any arbitrary set of mutually exclusive and exhaustive events and the associated likelihood ratio, and from BN to any joint distributions. Under this generalization, virtual evidence on Y X ⊆ is represented as a likelihood ratio (1) ( 
Q X R X =
). In this sense, soft evidences should be treated the same as hard evidence. In fact, a hard evidence, say i X a = , is a special case
As suggested in Ref. 3, Jeffrey's rule of (2) is a natural choice for updating a joint distribution P(X) by a soft evidence R(Y ⊆ X) because the updated distribution preserves R(Y) while making minimum changes to the original distribution. However, Jeffrey's rule cannot directly apply when the joint distribution is represented as a BN. This can be overcome by converting a soft evidence to a virtual evidence, as suggested by Ref. 3 .
Consider a distribution P(X) and a soft evidence ( ), .
, form a mutually exclusive and exhaustive set of events. R(Y) then can be converted to a virtual evidence with the likelihood ratio (1) (2) ( )
: :
As shown in Theorem 5 of Ref. 3 , when this virtual evidence is applied to P(X), the new distribution is exactly the same as the one obtained by applying R(Y) using the Jeffrey's rule of (2).
Multiple uncertain evidences
Like hard evidences, multiple uncertain evidences can arrive at the same time or in a sequence. There is no problem for belief update by multiple virtual evidences, because what is required is that the updated distribution preserves the given likelihoods. Update can be done by simply treating each virtual evidence as a hard evidence on the virtual node and instantiating that node to true. Note that, since a virtual node U is independent of all other virtual nodes, given the parent of U (i.e., they are d-separate), the likelihood ratio reflected on U will not be affected by the belief update operations with other virtual (and hard) evidences.
However, this is not the case when updating by two soft evidences se1
To satisfy both se1 and se2, the updated distribution Q is required to have its marginals
Update cannot be done by first converting se1 and se2 to two virtual evidences and then applying the virtual evidence method with these two virtual evidences. This is because, after applying the first evidence, there is no way to hold
when the second evidence is applied. Furthermore, as can be seen in the example below, when the soft evidences are presented in different orders or altogether, different update results will be generated. This problem, known as the commutativity of iterated revisions, has been viewed as a problem for Jeffrey's rule. 
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As can be seen in rows 2 and 3 of Table 1 below, when the two virtual evidences are applied separately, the updated beliefs satisfy the corresponding se1 and se2 (belief on B = 1 and C = 1 are updated to 0.7 and 0.3, respectively). Rows 4 and 5 show the update results when these two virtual evidences applied together and in a sequence, respectively. It is not surprise that the results are the same, since, as mentioned earlier, belief update with multiple virtual evidences are equivalent to belief update with multiple hard evidences of the virtual evidence nodes. Let U1 and U2 be the two virtual evidence nodes. It can be verified that P(u1|B = 1, u2):P(u1|B = 0, u2) = L(B) and P(u2|C = 1, u1):
e., the likelihood ratios are preserved when the other evidence is presented. However, as can be seen in Rows 4 and 5, none of these two soft evidences is satisfied by the resulting distributions. To deal with this problem, one may suggest that, before applying se2, we first recalculate a new likelihood ratio L'(C) for se2 using the distribution updated by se1 (Row 2). By (9), we have L'(C) = 0.3/0.425:0.7/0.575 = 0.7.59:1.2174. Row 6 shows the update result where se2 is satisfied but belief on B = 1 is moved away from what is required by se1 (from 0.700 to 0.710). 
Some argued based on the "All things considered" interpretation of soft evidence, that belief update with such evidences should not be commutative. 3 In contrast, we argue that soft evidences are true observations of distributions of some events, and as such, they all should be preserved in the updated "posterior" distribution; also that, if one or more such distributions exist, the one with the minimum I-divergence to the original distribution can be found by IPFP, using these evidences as constraints. However, IPFP works on full joint distributions, and thus is not directly applicable to belief update in BNs. In the next section, we develop algorithm BN-IPFP for BN belief update with multiple soft evidences. This algorithm first converts all soft evidences to virtual evidence form and then iterates in IPFP style to update the BN until it settles down to a distribution that satisfies all given soft evidences. Another issue that arises with multiple soft evidences is that these evidences may not be consistent with each other, i.e., there is no distribution that satisfies all given evidences. This problem is dealt with in Sec. 5.
BN-IPFP
The problem is stated as follows. We are given a BN on variables X = (X 1 , X 2, ,…, X n ) with the joint probability ( ) 
. Then the belief update of the given BN by R is to find Q*(X) which 1) satisfies all evidence in R; and 2) has minimum I-divergence to P(X).
For small BNs, one can explicitly generate the full joint distribution P(X) from the given BN and then apply IPFP using the soft evidences in R as constraints to update the distribution. This, however, is infeasible for large BN, because the distribution would be prohibitively large and IPFP would be computationally extremely expenses as it needs to literally modify each entry of the joint distribution table in each iteration. To address this problem, Valtorta The general situation where a soft evidence may involve variables in more than one cliques is dealt with by another version called big clique algorithm. In this algorithm, when constructing the JT, all soft evidence nodes (i.e., those variables that are involved in any of the soft evidences) are fully connected with each other by additional undirected edges. After triangulation, all soft evidence nodes appear in a single clique (the Big Clique). The belief update is done by first updating the big clique using all evidences in R by running IPFP to convergence and then propagating the resulting distribution of this clique to the rest of the JT. The Big Clique algorithm becomes time and space inefficient when the size of the big clique itself becomes large. Both versions are shown to converge and the converging joint distribution satisfies all evidences in R, provided these constraints are consistent to each other.
One limitation with these JT based belief update algorithms is that they cannot be easily adopted by those using inference mechanisms other than JT. Also, they require incorporating IPFP operations into the JT procedure, causing re-coding of the existing JT inference engine. The authors of Ref. 19 mentioned the possibility of implementing the first version of their algorithm as a wrapper around Hugin shell or other JT engines, but no suggestion of how this can be done was given.
To address these issues, we propose two new algorithms for BN inference with multiple soft evidences. Both algorithms utilize IPFP, although in quite different ways. The first algorithm combines the idea of IPFP and the encoding of soft evidence by virtual evidence of (9). The second algorithm is based on Theorem 4, it is similar to the Big Clique algorithm but it decouples the IPFP from JT (or any specific BN inference engine). These two algorithms are presented in the next two subsections.
BN-IPFP-1
As shown earlier, although a single soft evidence can be applied to BN belief update by first converting it to a virtual evidence, this approach does not work with multiple evidences. As can be seen in Example 1 at the end of last section, after updating by se 2 , the distribution no long satisfies se 1 . What is needed is a method that can convert soft evidences in R to one or more likelihood ratios which, when applied as virtual evidences to the BN, preserve marginal distributions specified in every soft evidence.
Algorithm BN-IPFP-1 presented below accomplishes this by combining the idea of IPFP and the virtual evidence method. Roughly speaking, this algorithm goes as follows. Like the IPFP, it is an iterative process, starting with Q 0 (X) = P(X), and one soft evidence 
We use the following iterative procedure for belief update:
The core of this algorithm is Step 2.2, which adds a new virtual evidence with likelihood ratio , ( ) 
BN-IPFP-2
BN-IPFP-1 may become expensive when the given BN is large because it computes the marginal 1 ( )
Step 2.2) and updates the beliefs of the entire BN (Step 2.3) in each iteration. Algorithm BN-IPFP-2 avoids repeated BN computation by first constructing a single virtual evidence node from the marginal of P(Y), where Y contains all variables in all of the given soft evidences, and then updating the BN by this virtual evidence.
1. Q 0 (X) = P(X); k = 1; 2. Repeat the following until convergence;
2.2 construct virtual evidence with likelihood ratio 
We use the following procedure for belief update:
The convergence and correctness of both BN-IPFP algorithms are established in Theorem 6 below. Figure 2 shows the running results of BN-IPFP-1 and 2 for the example BN given in Fig. 1 . The two virtual evidence nodes VE0 and VE1 in Fig. 2 (a) are generated by BN-IPFP-1 for the two soft evidences R(B) and R(C); the virtual evidence VE1 In Fig. 2 
Theorem 6. If soft evidences in
Y O for IPFP because both require modifying a joint distribution table. On the other hand, the time complexity of BN-IPFP-1 is equal to the complexity of the BN inference algorithm it uses for belief update, which is often more efficient than modifying the joint distribution. For example, if we use JT, the time complexity for one iteration of BN-IPFP-1 is exponential to the size of the largest clique in JT of the original BN, which may be smaller than C and Y, especially for sparse BNs.
Both Big Clique and BN-IPFP-2 are space inefficient, they need exponential space for the joint potential of C, and the joint distribution of Y, respectively. In contrast, BN-IPFP-1 only needs additional space for virtual evidence, which is
. BN-IPFP-2 is thus more suitable for problems with a large BN but a small number of soft evidence variables and BN-IPFP-1 is more efficient when the number of soft evidence variables is large. Also, both BN-IPFP-1 and 2 have the advantage that users do not have to stick to junction tree and modify the JT related procedures in the inference engine. They can be easily implemented as wrappers on any BN inference engines.
To empirically evaluate our algorithms and to get a sense of how expensive these two algorithms may be, we have conducted some experiments with artificially constructed BNs of different sizes and with different constraint sets. The reported memory consumption does not include those that was used by the JT-based inference engine of Netica, but the reported running time is the total running time. Table 2 . It can be seen that, when the number of evidences increases, both the time and memory consumptions for BN-IPFP-1 increase at much slower rates than BN-IPFP-2. From Table 3 we can see that when the number of soft evidences is fixed, the running time of BN-IPFP-2 increases slowly with the increase of the network size. Especially, the time for IPFP on P(Y) (the time in parentheses) increases only slightly. This is because computing the single constraint Q*(Y) ( Step 2) is the most expensive step in BN-IPFP-2 and Y is fixed. On the other hand, the execution time for BN-IPFP-1 increases at a much faster pace (roughly exponentially). This is because each iteration requires updating the entire BN. These experiments results confirm our theoretical analysis for the proposed algorithms.
Inconsistent Soft Evidences
A set of m soft evidences or constraints
Since there does not exist a distribution that satisfies all constraints in R, IPFP or methods based on IPFP such as those we developed in the previous section will not converge. Instead, the update will go into cycles around several distributions, 21 and the specific distributions it cycles around may be different, depending on the order the constraints are presented. 4 Several approaches to this problem based on IPFP have been suggested in the literature. A simple approach is to first run IPFP until it goes into a cycle of Another approach modifies the IPFP of (7-1) as follows 20 :
where 0 1 k α < < . This approach will be referred to as SR-IPFP, as it can be seen to be analogous to the serial relaxation method of alternating projection that can be used to find an approximate solution when the solution set S is empty (see Eq. (38) of Ref. 4) . This method converges with constant k α α = when R is consistent; it converges when R is inconsistent if k α gradually decreases toward 0. To allow each constraint to take its effect, k α needs to start with a value very close to 1 and to decrease very slowly.
However, if the decreasing rate is too small, the convergence will take too many iterations; on the other hand, if the rate is too big, the process will be biased in favor of earlier constraints. A more principled method was proposed in Ref. 21 , named GEMA (Generalized EM Algorithm). GEMA assigns a weight j w to each constraint ( )
= , which can be understood as the credibility one has for the evidence. The update is again an iterative process, and it takes two steps in each iteration. Take as an example, consider the k th iteration that starts with 1 ( )
Step 1, it first uses (7-1) to compute m Iprojections of 1 ( )
, and then takes a weighted sum of these k I-projections to obtain a distribution . It has been shown that GEMA converges to a distribution which has a minimum I-aggregate Ψ , the weighted sum of I-divergences to all of the original constraints in R:
GEMA can be seen as analogous to a parallel method of alternating projection that can be used to find an approximate solution when the solution set is empty (see Eq. (35) of Ref. 4) . Our experiments (see Subsection 5.3) show that the time performance of GEMA is very sensitive to the data. For some combinations of 0 ( ) ( ) Q X P X = and R, it converges within a few hundreds of iterations, but for other combinations of similar size, millions of iterations are needed.
Algorithm SMOOTH
One thing in common for both GEMA and SR-IPFP of (10) is that both of them only modify the joint distribution 1 ( )
while keeping the constraints unchanged through the iterations. Alternatively, one can make the modification bi-directional: at each iteration, not only the joint distributions are pulled closer to the constraints but also the constraints are pulled towards the joint distributions. By doing so, the inconsistency among the constraints is gradually reduced or smoothened, which may lead to a faster convergence. Based on this idea we developed our new method SMOOTH.
The procedure of SMOOTH consists of two phases. Phase 1 performs the standard IPFP using all of the original constraints in R. It stops when the process converges (for consistent constraints) or starts to cycle (for inconsistent constraints). Phase 2, executed only when cycle is detected at the end of Phase 1, differs from Phase 1 in that at each iteration, not only the current distribution 
By (12), (13) can be rewritten as
Equation (13-1) is very similar to (10) for SR-IPFP. The different is that (10) always uses the original constraints while in (13-1) a changed constraint is used at each iteration. It is this difference that makes SMOOTH converges with constantα when the constraints are inconsistent. The algorithm SMOOTH is given below.
Algorithm SMOOTH. Consider an initial distribution P(x) and a set of m soft evidences
SMOOTH consists of the following two phases:
Phase 1: do the standard IPFP using all constraints in R until it converges or goes into cycles; if convergence is reached then exit; Phase 2:
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Note that SMOOTH is exactly the same as the standard IPFP except that in Phase 2 it uses modified constraints, not the original one to update the current k Q . This makes SMOOTH directly applicable to BN belief update in BN-IPFP style. The only thing that needs to be changed when applying SMOOTH to BN is to replace the operation of Iprojection (Step 3.3 in Phase 2) by virtual evidence method of BN-IPFP-1 (Steps 2.2 and 2.3) of Sec. 4.
Next we investigate the convergence of SMOOTH.
Convergence and performance of SMOOTH
According to the algorithm, when the set of constraints is consistent, SMOOTH is reduced to the standard IPFP, and it converges in Phase 1. Next we discuss what happens when constraints are not consistent. Figure 3 shows an example involving four constraints (m = 4) where 
, which is closer to 0,4 Q than 0,1 ( ) X S . As the process continues, , ( ) j l X S are moving closer to each other, and the cycles (dotted lines) formed by the resulting distributions become smaller and smaller until they merge into a single distribution. We formally establish the convergence of SMOOTH for m = 2 in the next theorem. Experiments show that Phase 2 of SMOOTH converges for m > 2, and when 1 α → the converging distribution * Q minimizes the sum of distances, in both Idivergence and total variation, to all constraints in R. We leave this general claim as a conjecture.
Theorem 7. For an initial distribution P(X), two inconsistent soft evidences
The time performance of SMOOTH, like all IPFP based methods, depends on the number of iterations it takes to reach convergence. Experiments show that SMOOTH moves towards the convergence point fairly fast at the beginning, even with α very close to 1. However, it slows down drastically at the end, forming a long and flat tail (see Fig. 4 where 90% of the time is spent to bring the flat tail to the convergence point). As discussed before, keeping α large at the beginning ensures information in the original constraints is not lost too soon by smoothing before it gets a chance to be absorbed. When the process gets closer to the convergence point, we can afford to use smaller α since most information of the original constraints that can be absorbed has largely been absorbed. By (12), a smaller α pulls the constraints toward the current k Q faster, leading to a faster convergence at the end. We have experimented with a number of schedules for reducing α . The one performed best is the sigmoid function:
where k is the iteration steps of Phase 2. It can be seen by (14) that with a large positive A, α is close to 1 at the beginning (k is small), and close to 0 when k becomes very large, and that α decreases very slowly at the two ends, but fast in the middle. Parameter A controls how long k α is to remain large (longer for larger A) and B controls how fast We call SMOOTH using (14) to reduce k α Accelerated SMOOTH (A-SMOOTH for
, therefore, a-SMOOTH converges.
Experiments
To empirically validate algorithm SMOOTH and to get a sense of how well it performs in comparison to the existing methods, we have conducted computer experiments with different initial distributions and different constraints.
The algorithms compared in the experiments include: (1) GEMA, (2) SR-IPFP, (3) SMOOTH, (4) , ,
The initial joint distribution JPD1 is a uniform distribution of the three variables. Three constraints, each a distribution of two variables, are generated according to the scheme in Table 4 The experiment results for consistent constraints CONS0 are given in Table 5 . All three algorithms converged to the same the I-projection on 1 2 3 ( )
R y R y R y x x x ∩ ∩ S = P P P . SMOOTH is significantly faster than the other two.
This is because for the consistent constraints SMOOTH is reduced to the standard IPFP (only Phase 1 is executed). Experiment 5-2 compares performance with inconsistent constraints CONS1 in which every two constraints are consistent with each other, but they together are inconsistent with the third one. Besides JPD1, another initial joint distributions JPD2 is also used. The experiment results are given in Table 6 where for the two versions of SMOOTH numbers of I-projections for both phases are given. It can be seen from the I-divergences of the converging distributions to the initial distributions and the I-aggregates that GEMA, SMOOTH, and A-SMOOTH converge to distributions that are very close to each other, with A-SMOOTH significantly faster than the others (SR-IPFP was stopped when the time limit of 10 million I-projections is reached before the convergence). We plot I-aggregates of all the four algorithms for JPD1 in Fig. 4 . The plot starts at the 178 th I-projection, which is the beginning of Phase 2 of SMOOTH and A-SMOOTH, and ends at the 4200 th I-projection. It is clear that I-aggregate decreases fastest for A-SMOOTH, followed by SMOOTH, with CC-IPFP the slowest. Experiment 5-3. To see that GEMA is data sensitive, we generated another set of 3 constraints (CONS2), each of which also involves two of the three variables 1 2 3 , , X X X . Unlike CONS1 shown in Table 4 , CONS2 is pair-wise inconsistent. The results using CONS2 against JPD1 and JPD2 are given in Table 7 . It can be seen from Tables 6 and 7 that GEMA is very slow for three of the four combinations of JPDs and constraints but very fast (780 I-projections) for one combination (JPD1+CONS2). Similar phenomena have also been observed in some of our other experiments. On the other hand, both versions of SMOOTH have uniform performance for all combinations. Tables 8 and 9 are consistent with those reported earlier for smaller JPD. For these experiments we did not run SR-IPFP because it took too much time to reach a point that was close to a convergence. Finally, we conducted an experiment to compare the performance of belief updates on full joint distributions and on BNs. The experiment reported in Table 10 used a BN of 14 binary variables and 4 inconsistent constraints involving a total of 7 district variables. Both GEMA and SMOOTH were run on the full joint distribution (of 10 14 entries) generated from this BN. The SMOOTH version of BN-IPFP-1 was run directly on the BN. As can be seen in Table 10 , belief updates on the full JPD are several orders of magnitudes slower than that on the BN. When these constraints were modified to be consistent, the convergence time for the standard IPFP on the full JPD was 27 second while the time for BN-IIPFP-1 was only 0.323 second. Recall ( Table 6 ) that GEMA took more than 7 million I-projections to converge in Experiment 5-2 to modify the belief in a tiny JPD of only three variables. We applied the SMOOTH version of BN-IPFP-1 to the same task after first converting the original JPD to a BN of three nodes; and, much to our surprise, it took only 102 I-projections to converge! Although anecdotal, these results clearly demonstrated significant computational advantages of using BN to represent joint distributions and the practical value of belief update methods based on BN such as the algorithms we developed in this work.
Conclusions
In this paper we presented our results on Bayesian network belief update with uncertain evidences. We defined two types of uncertain evidences. The virtual evidence, given as a likelihood ratio, represents uncertainty one has for an observation and it requires the likelihood ratio be preserved in updated BN. The soft evidence, given as a distribution over one or more variables, represents the uncertainty of an event one is observing, and it requires this distribution be preserved in the updated BN. After establishing the close relations between the Pearl's virtual evidence method, the Jeffrey's rule, and the Iprojection, we developed the efficient algorithms for BN belief updates with multiple soft evidences. One advantage of BN-IPFP-1, in contrast to some existing methods, is that it can easily work with any BN inference engines. BN-IPFP-2 can provide efficient computation when the number of variables involved in the soft evidences is small. Algorithm SMOOTH was developed by modifying the standard IPFP to support belief update with inconsistent evidences. The convergence of these algorithms was analyzed and experiments of limited scales were conducted to validate these algorithms and to demonstrate their effectiveness. In addition, we for the first time formally established that Equation (6) , which is used to compute I-projection in IPFP, not only minimizes the Idivergence but also the total variation between the source and the projected distributions.
BN belief update may be subject to multiple evidences of different types (hard, virtual, and soft), and these evidences may arrive at the same time or at different time. Our BN-IPFP-1 is flexible to support such inference. When all evidences arrive at the same time or hard and virtual evidences arrive before soft evidences, one can first update the beliefs with the given hard and virtual evidences using the conventional BN inference methods and then apply BN-IPFP-1 on the updated BN. A hard or virtual evidence arriving after soft evidences having been absorbed will change the beliefs in the BN, if this change causes ( ) ( )
Step 2.2 of BN-IPFP-1), then BN-IPFP-1 is activated and the iterations renewed until convergence.
As mentioned earlier, one can use virtual evidence to represent the doubt he has on a hard evidence, this can also be applied when one is in doubt of a soft evidence. Recall that in our approach, a soft evidence ( ) R Y is first converted into a virtual evidence with a virtual node U. If our doubt of ( ) R Y can be represented as a likelihood L(U), then we can create another virtual node V with U as its only parent and its CPT determined by L(U). Then instantiation of V to true will apply ( ) R Y with uncertainty of L(U) to the BN. We are continuing our research effort in this fruitful area along several directions. Our proof of convergence of SMOOTH is only done for the case of two inconsistent constraints, we are actively working on generalizing it to any arbitrary number of constraints. Our experiments show that SMOOTH has a uniform time performance while GEMA is data sensitive and it sometime converges much faster than SMOOTH. We are examining the factors that may be the causes for the performance differences and hoping to find a way to utilize some of the findings to improve the efficiency. We realized that GEMA, although originally devised for general joint distributions, may be adapted to BNs. We are working on developing a BN version of GEMA algorithm.
In this work, we considered constraints ( ) j R y as soft evidences to modify the current beliefs. These low dimensional distributions can also be pieces of new knowledge which are more up-to-date, more accurate, or more location specific, and absorbing these into a larger distribution is a process of knowledge integration or knowledge-base update. In the past we have developed IPFP-based algorithms that absorb the low dimensional distributions by a BN by only modifying its CPTs. The ideas of SMOOTH can be easily incorporated into these algorithms to deal with inconsistent data. However, when the degree of inconsistency is large, it is more sensible to also change the network structure (DAG) of the given BN. We are working on devising such algorithms based on the description length minimization approach.
Proof of Theorem 2.
Let R(Y) be a constraint and Q(X) be the I-projection of P(X) on ( ) 
